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2-Neighbour Bootstrap Percolation

2-Neighbour Bootstrap Percolation ⇔ Infection ⇔ P3 convexity

Infection on Graphs

I Initially infected set S = S0 ⊆ V (G )

I Spreading Rule:
Si+1 = Si ∪ {all vert. having 2 infected neighbours}

Some Definitions/Notations

I S is a percolating set of G ⇔ ∃k Sk = V (G )

I Let tS(G ) be the smallest value k to which Sk = V (G )

I Let t(G ) = max
S∈Ps(G)

tS(G ), where Ps(G ) is the set of all

percolating sets of G
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Motivation

It models:

I Fluid flow [Adler & Aharony, 1988, Journal of Physics A 21]

I Sandpile growth [Fey et al., 2010, Journal of Statistical Physics 138]

I Living neural networks [Amini, 2010, J. of Statistical Physics 141]

I Failure in storage arrays [Kirkpatrick et al., 2002, Physica A 314]

I Opinion diffusion [Dreyer et al., 2009, Discrete Applied Math. 157]
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Example of Infection

v1

v2v3

v4 v5 v6

v7 v8
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0

0

Figure 1: Spreading of the set S = {v2, v6, v7}.
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The Percolation (Infection) Time Problem

t(G ) ≥ k ?
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Example

t(G ) ≥ 4 ?

v1

v2v3

v4 v5 v6

v7 v8

Figure 2: Graph G .
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Previous Results

NP-complete Results [Benevides et al., 2013, Eurocomb]

I General graphs

I Bipartite graphs

I Planar graphs

Polynomial Results [Benevides et al., 2013, Eurocomb]

I Trees

I Chordal graphs

Results for fixed K [Marcilon et al., 2014, WG]

I Polynomial for any fixed k ≤ 3

I NP-Complete for any fixed k ≥ 4

I Polynomial when G is bipartite for any fixed k ≤ 4

I NP-Complete when G is bipartite for any fixed k ≥ 5
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Our Main Contributions

Grid Graphs

I t(G ) can be computed in O(n2)-time if G is restricted to be
a solid grid graph (grid graphs without “holes”) with
maximum degree 3

Parametrized Results
t(G ) ≥ k is FPT for the parameters:

I tw(G ) + k

I ∆(G ) + k

I q(G ), where q(G ) is the minimum q such that G is a
(q, q − 4) graph
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Percolation Time Problem in grid graphs

Percolation Time Problem in grid graphs with maximum degree 3
is NP-complete by reduction from Longest Path problem in grid
graphs with maximum degree 3:

I Each edge from the original graph is subdivided twice

I Add some neighbors to the new vertices so each 4x4 block
should look like the Figure 3

Figure 3: Original 2x2 block to the left and 4x4 block after the
addition of the neighbors to the right
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Percolation Time problem in grid graphs
Theorem
G has a path with size greater or equal to k ⇔ t(G ′) ≥ 3k + 2.

Figure 4: A grid graph G to the left and the graph G ′ resulting from
the reduction applied to G to the right.
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Future Work

Complexity of the Percolation Time Problem in:

I Solid grid graphs (without any restriction on the maximum
degree)

I Graphs with fixed treewidth

I Graphs with fixed cliquewidth


