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Convexity in graphs

» Given a graph G, a family C of subsets of V(G) is a
convexity on G if

» O, V(G)e C
» (C is closed under intersection
» Every member of C is a convex set

» The convex hull of S is the smallest convex set containing
S, denoted by hull(S).
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Convexity in graphs

Convexities (P3, geodetic, monophonic, m?)

» Ps3-convexity - all paths with 3 vertices
» Geodetic convexity - all shortest paths

» Monophonic convexity - all induced paths

3

» m>-convexity - all induced paths of size at least 3
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Intervals (P3, geodetic, monophonic, m?)

Given a graph G and a set S of vertices, let:

Ip,(S) = SU{P;5’s between vert. of S}

lgeo(S) = S U {minimum paths between vert. of S}

v

vV v v

Imo(
I3 (

S) = SU{induced paths between vert. of S}
S) = SU{induced paths length > 3 between vert.
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Convexity in graphs

Some definitions
> Sis a hull set if hull(S) = V(G)
» S is an interval set if 1(S)=V(G)

Convexity parameters

> hull number mins |S| s.t. S is a hull set
> interval number mins |S| s.t. S is an interval set

> convexity number maxg |S] s.t. S # V(G) is convex
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Convexity in graphs

Some definitions
> Sis a hull set if hull(S) = V(G)
» S is an interval set if 1(S)=V(G)

Convexity parameters

hull number mins |S| s.t. S is a hull set
interval number mins |S| s.t. S is an interval set

convexity number  maxs |S| s.t. S # V(G) is convex

vV v v v

Carathéodory number miny s.t. for every v € hull(S) there
exists F C S, with |F| < k and v € hull(F)
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Some definitions

>

|

Convexity parameters

vV v v v

Convexity in graphs

S is a hull set if hull(S) = V(G)
S is an interval set if 1(S)=V(G)

hull number mins |S| s.t. S is a hull set
interval number mins |S| s.t. S is an interval set
convexity number  maxs |S| s.t. S # V(G) is convex

Carathéodory number miny s.t. for every v € hull(S) there
exists F C S, with |F| < k and v € hull(F)

Radon number later ...
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Geodetic convexity (NP-hard results)

» Hull number [Aradjo et al., 2013, TCS]

» Interval number [Dourado et al., 2010, DM]

» Convexity number [Dourado et al., 2012, G&(]
» Carathéodory number [Dourado et al., 2013, sub]

P; convexity (NP-hard results) (bipartite graphs)

» Hull number [Centeno et al., 2011, TCS]

» Interval number [Centeno et al., 2009, ENDM]

» Convexity number [Centeno et al., 2009, ENDM]

» Carathéodory number [Barbosa et al., 2012, SIAM J.DM]
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Ps-hull number is APX-hard in bipartite graphs roits or graph
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L-Reduction from MAX-2-SAT-3 (APX-Complete)

» Every clause has at most 2 literals,
» Every literal is in some clause and,

» For every variable x;, there are at most 3 clauses containing
either x; or X;.

Example
o = (X1 \/Xz) /\(X1 \/Xiz) A (71VX2)




Ps-hull number is APX-hard in bipartite graphs

2 Vi Y,

G- G S

® ﬁy, ‘TC)\‘

Figura: Max-2-Sat-3 formula: ® = (x1 Vx2) A (x1 V32) A (X1 V x2)
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» hull number is at least b+ k +3m
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Figura: Max-2-Sat-3 formula: ® = (x1 Vx2) A (x1 VX2) A (X7 V x2)
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Figura: Max-2-Sat-3 formula: ® = (x1 Vx2) A (x1 VX2) A (X7 V x2)
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Ps-hull number is APX-hard in bipartite graphs roits or graph

convexity parameters

» hull number is at least b+ k +3m

» Every hull set of size b+ k + 3m + £ defines an assignment
satisfying m — ¢ clauses and vice versa
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Innaproximability of Ps-convexity number .

O(n'~¢)-innaproximable in bipartite graphs in polynomial time
unless P=NP.

Reduction from SET-PACKING (O(n'~¢)-innaproximable
problem)

Given m sets Sy,...,S,,, determine the maximum k
s.t. there exist k pairwise disjoint sets.

Example (k =3, m =5)

» S ={a,b,c}, S, ={b,f,g}
> S3={d,e f}, Sy ={c,e, g}
> SSZ{gahal}
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Innaproximability of Ps-convexity number .

O(n'~¢)-innaproximable in bipartite graphs in polynomial time
unless P=NP.

Reduction from SET-PACKING (O(n'~¢)-innaproximable
problem)

Given m sets Sy,...,S,,, determine the maximum k
s.t. there exist k pairwise disjoint sets.

Example (k =3, m =5)

» S, ={abc}, S ={bf g}
> 53:{(:/,6’ f}, 54:{Cae7g}
> 55:{gh*l}
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> A partition S; U S, of a set S is a Radon partition of S if
hull(S1) N hull(Sy) # 0

» The Radon number of a graph G is the smallest k for which
every S C V/(G), with size at least k, admits a Radon
partition
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» The P;-Radon number problem is O(n'~¢)-innaproximable in
bipartite graphs in polynomial time unless P=NP.

» From SET-PACKING problem
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» The Ps-interval number problem is O(log n)-innaproximable
in bipartite graphs in polynomial time unless P=NP.

» From SET COVER problem
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» P3-Carathéodory number probem is O(n'~¢)-innaproximable
in bipartite graphs in polynomial time unless P=NP.

» From MAX3SAT-INTERVAL
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Geodetic convexity

» The results for hull number, Carathéodory number, interval
number and convexity number can be extended to geodetic
convexity




Geodetic convexity

Theorem

Let Gy be a triangle free graph with at least three vertices.

(i) hngq(Gr+ Kim) = hnp,(G1),

(i) ingg(G1+ Km) = inp,(Gy),

(ii1) cxga(G1+ Km) = oxp,(G1) +m,

(iv) cthga(Gr + Km) = max{cthp,(G1),2}.
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Then
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Geodetic convexity

» Geodetic Radon number probem is O(n'~¢)-innaproximable
in general graphs in polynomial time unless P=NP.

» From MAXIMUM-CLIQUE problem
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» Thank you!
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